Collective modes and electromagnetic response of a chiral superconductor 
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Motivated by the recent controversy surrounding the Kerr effect measurements in strontium 
ruthenate we examine the electromagnetic response of a clean chiral p-wave superconductor. 
When the contributions of the collective modes are accounted for, the Hall response in a clean chiral 
superconductor is smaller by several orders of magnitude than previous theoretical predictions and is 
too small to explain the experiment. We also uncover some unusual features of the collective modes 
of a chiral superconductor, namely, that they are not purely longitudinal and couple to external 
transverse fields. 

PACS numbers: 



Recent optical experiments by Xia et al. [l| on the po- 
lar Kerr effect in strontium ruthenate, Sr2Ru04, have 
been interpreted as evidence for broken time reversal 
symmetry in the superconducting state. Early indica- 
tions of broken time reversal symmetry in superconduct- 
ing Sr2Ru04 came from muon spin resonance experi- 
ments [2]. These results, together with crystal symme- 
try and energetic considerations [31, point to a chiral p- 
wave superconducting order analogous to the superfluid 



order of the "^He-A phase 
ferometry measurements 



Recent Josephson inter- 
have also been interpreted 
as evidence for chiral p-wave order in superconducting 
Sr2Ru04. Such a superconducting state, if confirmed, is 
expected to have many exciting implications for exotic 
physics 0|- 

The experiment by Xia et al. found a Kerr angle of ap- 
proximately 60 nanoradians at a frequency, w ~ 0.8 eV, 
which is small compared to the Kerr angle observed in 
typical ferromagnets, but can be understood qualitatively 
if one notes that the superconducting gap (or order pa- 
rameter) for Sr2Ru04 is substantially reduced from that 
of a typical ferromagnet The Kerr angle at high fre- 
quencies is related to the ac Hall conductivity. Theo- 
retical work, however, is divided on the issue of whether 
the experimental observation result is consistent with the 
linear response theory of a clean chiral p-wave super- 
conductor d, [l^. Earlier works on the electromag- 
netic response of a chiral p-wave superconductor, with an 
isotropic Fermi surface 13, Hi, found no quasi-particle 
contribution in the clean limit, even in the presence of 
particle-hole asymmetry, but did predict a Kerr angle 
due to the so-called "flapping" collective mode. The pre- 
dicted magnitude is smaller by several orders of magni- 
tude than that observed in Sr2Ru04. 

These earlier theoretical studies neglected the effect of 
an anomalous density-current correlation function which 
vanishes for a non-chiral superconductor. It was recently 
argued that when this anomalous correlation function is 
taken into account, the linear response theory does pre- 
dict an ac Hall conductivity which is large enough to 
account for the experiments jsl, '9] . In the effective action 



language, the anomalous correlation function gives rise 
to a Chern-Simons-like term which is reminiscent of the 
quantum Hall effect 1 12]. A similar term in the Ginzburg 
Landau free energy leads to a small "spontaneous Hall 
effect" in a finite system T3] . When the dynamics of the 
spin degrees of freedom which arc unimportant for the 
purposes of the present paper are also considered, the 
effective action of a chiral superconductor or superfluid 
also contains a non-abelian Chcrn Simons term which 
is responsible for the spin quantum Hall effect in these 
systems [11 El, [H, El . 

In this paper, we examine afresh the linear response of 
a chiral p-wave superconductor taking into account the 
anomalous density-current correlation functions and also 
the contributions from collective modes. We find that 
when both factors are taken into account, the ac Hall 
response is strictly zero for an idealized beam normally 
incident on the a-b plane, with no in-plane wave vector. 
This is in contrast to the recent results which also con- 
sidered the effects of the anomalous correlation function 
d, 01 . As will be shown below, the discrepancy can be 
attributed to the contribution from a term in the super- 
current response which was assumed to be negligible at 
high frequencies (§| but which, in fact, exactly cancels the 
effect found for zero in-plane wave vector. Nevertheless, 
for EM waves with a small non-zero in plane wave vector, 
the ac Hall conductivity is small but non-zero as has been 
previously shown in two-dimensions [l8| . A byproduct of 
our investigations is the uncovering of some unusual fea- 
tures of the collective modes such as a novel coupling 
between the collective modes and transverse EM waves 
and a transverse current associated with these modes. 

A chiral superconductor has many properties that 
are markedly different from a non-chiral superconductor. 
The chirality of ap-t-ip superfluid leads to the presence of 
edge states which in turn give rise to a macroscopic edge 
current in a neutral superfluid H, l^l . In a superconduc- 
tor, these edge currents are screened due to the Meissner 
effect; nevertheless, they are predicted to be substantial. 
In both cases, the presence of these edge currents can be 
traced to the presence of the Chern-Simons-likc term in 
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the effective action and in the Ginzburg Landau expres- 
sion for the free energy 1^, 1^ • These edge currents in a 
neutral chiral superfluid, such as a droplet of superfluid 
•^He in the A phase, contribute a macroscopic angular 
momentum which is proportional to the number of par- 
ticles in the system 2^ 21 L The failure of experiments 
to detect these edge states 22|, |2^ as well as other signa- 
tures of chirality in strontium ruthenate has led to doubts 
about the validity of the proposed chiral order parame- 
ter structure Therefore, it is of considerable interest 
to determine whether the optical Kerr measurements on 
strontium ruthenate can be explained within the theory 
of chiral p-wave superconductivity. 

We begin by using the low energy effective action of a 
two dimensional chiral superconductor to study its linear 
response in Section I. Using the continuity equation, we 
show that, in contrast to a non-chiral superconductor, 
the collective modes are excited by a transverse electro- 
magnetic wave. We then study linear response in a three 
dimensional theory in Sec. II and obtain expressions for 
the Hall conductivity in Sec. III. Finally, we discuss the 
polar Kerr effect and compare our calculations with ex- 
periments in section IV. 



I. LINEAR RESPONSE AND EFFECTIVE 
ACTION IN A 2D MODEL 

The linear response of a planar chiral superconductor 
can be studied using the low energy phase only effective 
action which is obtained by integrating out the fermionic 
degrees of freedom from the theory : 



exp(l / d^xdt {i^^dt - H)ij)), (1) 



where ip, V'^ are the Grassmanian fields in the two com- 
ponent Nambu formalism and H is the Bogoliubov de 
Gennes Hamiltonian. For a 2D chiral superconductor, 
this effective action can be written as follows [il,[ii,|2i]: 



5cff(A,$) ^- J (fxdt ps ( 



eA( 



1^ I 5 (^--" 



(2) 



where ps is the equilibrium superfluid density, <I>(r, i) is 
the phase of the superconducting order parameter and 
Cs is the speed of sound. The first two terms are the 
only terms present for an s-wave superconductor in the 
London limit of constant superfluid density, ps , and the 
third term arises from fluctuations of the superfluid den- 
sity. The above effective action is applicable for a sin- 
gle sheet of a chiral superconductor. The effective ac- 
tion for n decoupled sheets is obtained by multiplying 



the above action by n. The term containing Cxy is the 
Chern-Simons-like term which, as pointed out above, 
arises from the density- current correlation function. In 
general, c^y is frequency dependent as discussed below. 
The Cxy term is not the full Chern Simons term, be- 
cause it is missing the term eoijAidtAj [3, Ell- The 
action is nevertheless invariant under gauge transforma- 
tions: $^$-|-26',A^A-t- i V6', Ao^ Ao- ^dt0. 

The current density response is obtained in the usual 
manner: 

j = l^ = —m/2-eA)+r, (3) 

oA m 

where the anomalous part of the current density, arising 
from the Chcrn-Simons-like term, is 



VAn 



a(v$/2) 



(4) 



Similarly, the charge density is: 



P = 



mc^ \ dt 



Ao ] +Cxy{'V X A), 



(5) 

We note that the anomalous current density can be 
rewritten in the following form: 



9(V$/2-eA) 



edt 



(6) 



At high frequencies, in the long wavelength limit, the ex- 
pressions for the anomalous current response is obtained 
by simply replacing the coefficient Cxy by a frequency 
dependent one Cxy{uj) as obtained from the form of the 
correlation function. 

It was argued that at high frequencies, the second term 
in Eq. ^ can be neglected, giving rise to an anoma- 
lous current which flows perpendicular to the electric field 
[1, 0] . The expression for the Hall conductivity thus ob- 
tained agrees quite well with the value extracted from 
the observed optical Kerr effect. However, in a non- 
chiral superconductor, the second term is proportional to 
the time-derivative of the superfluid current, which itself 
is proportional to the electric field, dj/dt = pse^Ei/m, 
so that the two terms exactly cancel, giving a vanishing 
Hall conductivity. This is also the case for a clean chiral 
superconductor, since this relation between the current 
and the electric field follows from translational symme- 
try, and must hold independent of any interactions which 
lead to superconductivity. In the clean limit, the ac con- 
ductivity is simply aa^p{k = 0,a;) = Sa^pPsG^ / {fnw -\- ie), 
so that the bulk ac Hall conductivity, axy{k — 0,a;), 
vanishes at all frequencies [IB]. It is possible to have a 
small spontaneous dc Hall conductivity in a finite sample, 
due to edge effects [l3|. Furthermore, both the Chern- 
Simons-like term, and contributions from the fiapping 
collective modes can give rise to a spontaneous ac Hall 
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response at finite wavevector, even in the ideal, clean 
limit [l3,[li,|2l. 

The finite wave vector response can be studied by in- 
tegrating out the superconducting phase from the effec- 
tive action, to obtain an expression for the current re- 
sponse as a function of the total field [3, HI]- Here, 
we adopt a quantum hydrodynamic approach by start- 
ing from the above effective action and using the con- 
tinuity equation to determine the dynamics of the col- 
lective modes. This approach makes the contributions 
from the collective modes and their coupling to the elec- 
tromagnetic waves transparent. Approaches which are 
somewhat similar have also appeared in the literature 

The equation of motion for the phase of the order pa- 
rameter is simply the continuity equation: 



^ . dp 







(7) 



In this section, we consider a two-dimensional model 
(with no dependence on z, so that in Fourier space, kz=Q) 
and work in the transverse gauge, V • A=0, for simplicity. 
In this case, the above continuity equation yields: 



£^V2(<i>/2)-^('^-e^^° 



met 



dt 



as, 

dt 



= 0.(8) 



It follows that, in the transverse gauge, the phase is de- 
coupled from the field except when at least one of 
or ig nonzero. The coupling of the phase variable 
to a transverse field is a novel feature of a chiral super- 
conductor. Unlike a conventional superconductor where 
such a coupling may arise due to mass anisotropy [28| . 
in a chiral superconductor, this coupling persists even 
when the Hamiltonian has Galilean invariance [35| . Due 
to this coupling, an external transverse EM wave can 
give rise to charge density oscillations which generate a 
scalar Coulomb potential ^o- The dispersion of these 
modes will be examined in the next section. There is 
an appealing physical picture for this coupling. It was 
noted in Ref. '13| that the coupling of the density to 
the z-component of the magnetic field in Eq. ([5]) can be 
understood as arising from the diamagnetic coupling of 
the Cooper pairs which have an intrinsic magnetic mo- 
ment (due to the nonzero angular momentum), with the 
external magnetic field. In this case, when the magnetic 
field oscillates in time, this coupling gives rise to density 
oscillations and hence excites the collective modes. In a 
charged superfluid, these density oscillations give rise to 
an internal field described by the scalar Coulomb poten- 
tial in Eq. 

In linear response, one can simply take the Fourier 
transform of the above equation to obtain 



eps 
mci 



{uj - cffc )<I>(fc,w)/2 = iCxyOjBz 



mcl 



iuAo, (9) 



where k is a 2d vector. Thus the collective phase field 
excited by the magnetic field is given by 



$(fc,c^)/2 



eps{uj'^ — c^k^) 



(10) 



Putting this back into the equation for the current re- 
sponse, we see that the collective mode contributes in 
two ways. It enters into the usual term, as well as into 
the anomalous or the Chern-Simons-like term. 

We write the current as a sum of two terms, j ~ jd + 
j$ , where jd is the "direct" response and is given by 



3d 



[A) + Cxy{z X ikAo). 



(11) 



This is the only term which exists when the collec- 
tive modes are not excited, i.e., when dBz/dt = and 
dAa/dt = 0, and is the only term to contribute at fc = 0. 
The other term, is the current response due to the 
collective modes and is given by 



^(V$/2) 

TO 

(^)^fc- 
TO 



X (12) 



CxyUJ 



z X k 



edt 
Hk,Lo)/2. 



(13) 



The Hall current jn, comes from terms in the current 
response that are linear in Cxy : 



3h 



(14) 



Rewriting —ikA^ as E — icuA and noting that Bz = 
—i{z X A) ■ k and k ■ A = 0, the expression for the Hall 
current reduces to 



JH 



-xy 



cjejz X E) 
p- — cik^ 



(15) 



Thus the Hall conductivity, defined in this geometry 



: jx/Ey, is: 



'xy 



cik'^ 



(16) 



We have thus recovered the result of Refs. 3, 2^ that 
the Hall conductivity has a k^ dependence and vanishes 
in the limit A; — > at finite lo, as required by Galilean in- 
variance. The above analysis was restricted to EM waves 
propagating in the plane of a two dimensional material. 
A more general analysis is presented in the next section. 



II. 3D LAYERED MODEL AND COLLECTIVE 
MODES 

In order to connect to experiments on Sr2Ru04, we 
need to go beyond the two-dimensional model consid- 
ered above. Sr2Ru04 is extremely anisotropic, but with 
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coherent transport along the c-axis [29| . The low energy 
effective action describing such a layered superconductor 
can be written, in analogy with Eq. as: 



^ — ' 2m,- 



2mc^ \ dt 



eAo 



(17) 



where ps now represents the superfluid density in three 
dimensions and the mass parameters rrii have been 
used to represent the anisotropic diamagnetic current 
response in the long wavelength limit. We restrict 
ourselves to the case where rrix = ruy = m. In the two 
dimensional limit, — > oo, the Chern Simons coeffi- 
cient Cxyz becomes Cxyz = where a is the interlayer 
separation. More generally, we can write c^yz = ac^y 
where a is a parameter which has the dimensions of 
inverse length. Hereafter, we use the notation Cxy It 
should also be noted that the velocity of sound, Cs, is no 
longer that applicable for the two dimensional case and 
depends on the details of the microscopic Hamiltonian. 
Here, we do not specialize to a particular Hamiltonian. 

The current density is then given by 

2 



m 



^ifc(a>/2) 

m 



-(ixfc)($/2). 



(18) 



where k = {K,ky,kz^J and A = {A^^Ay.Az^). The 
expression for the charge density has the same form as 
Eq. ([5]) with the parameter Cxy replaced by c^y and ps 
by the appropriate three dimensional superfluid density. 

The collective mode response can again be determined 
using the continuity equation, as in the two dimensional 
case, and gives: 



<i>/2(fc,c^) 



e Ps 



iujAo 



mc'i 



(u;2 — c^k ■ k) 



(19) 



In calculating the electromagnetic response, the 
Coulomb interaction does not appear explicitly because 
all fields and gauge potentials correspond to the total 
fields. However, to obtain the dispersion relation for 
the collective modes, one needs to include the efi^ect of 
Coulomb interactions. This is most simply done by us- 
ing the self consistent field implementation of the random 
phase approximation js^l- We replace Aq by ^ (where 
e is the dielectric constant of the system that comes from 
sources other than the conduction electrons) in Eq. 



set all other fields to zero and use the continuity equation. 
On doing this we obtain : 



^(1 

mci 



cik' 



(20) 



This gives the dispersion of the collective modes to be 

(21) 



47rpe~ 



The dispersion is identical to 
that of an anisotropic s-wave superconductor, where the 
anisotropy enters through k. The long- wavelength form 
of the dispersion arises due to the long range nature of the 
Coulomb interaction and is thus independent of whether 
the superconductor is chiral or not. In analogy with the 
usual definition of the plasma frequency, we can define 
two different plasma frequencies corresponding to oscil- 
lations in the a-b plane , for k = (fc^,, ky, 0) and along 
the z-direction, uj^ for k = (0,0, kz): 



,P — 
■'ab - 



Anpe^ 



Anpe^ 



(22) 



It follows from Ea. lfTS)) . that the current of the collective 
mode for a superconductor has a transverse component 
"^^{zxk){^/2)+lxy{zxVAo) This is in addition 
to any transverse components which may arise from mass 
anisotropy. To differentiate this mixing of longitudinal 
and transverse degrees of freedom from that which arises 
purely due to mass anisotropy, one can consider the 2D 
limit TUz — > oo for k vectors lying in the x-y plane. It 
is clear that a chiral 2 d superconductor, even one with 
Galilean invariance 37| will have collective modes which 
have a transverse component. Due to the chiral nature 
of the order, the collective modes are no longer purely 
longitudinal. 



III. RESPONSE OF A CHIRAL 3D 
SUPERCONDUCTOR 

The current in Eq. (|18p can be written as 



(23) 



where j'^^ contains all the terms proportional to Cxy and 
no other terms and j° is the current density for Cxy = 0. 
For the remainder of the paper, our focus shall be on the 
anomalous part of the current. 

From Eqs. (fT5)) and the anomalous part of the 

current response can be written in terms of the external 
electric and magnetic fields as 



Cxy{z X k)cl[k • E) 



(tj2 



Ik-k) 



icjkcxyiujBz 
{lu^ — c^k • k) 



+ 



{cxy)'^uj{z X k)iujBz 



eps 
mci 



(u;2 



]k-k) 



(24) 
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We can express the current entirely in terms of the elec- 
tric field, by writing iajB^ = i{k X E) ■ z and, hence, ob- 
tain the anomalous part of the conductivity tensor. The 
anomalous conductivity can be split up into two parts, 
an antisymmetric part coming from the first term and a 
symmetric part which comes from the second term : 



(w^ — C^fc • k) 



{^Zuhkm - ^Zlrnkikl) (25) 



eps{uj^ — elk ■ k) 
The in-planc Hall conductivity, axy is 



YzH^lnSim - SlmSni) klkn- (26) 



(w^ — Cgfc • k) 



(27) 



which reduces to the two dimensional expression, Eq. 
(|16p scaled by a factor of a in the limit rUz oo. 
The charge density can also be expressed as follows : 



xyC^k ■ kBz 



ik ■ E 



(tj2 - c2fe • k) m (tj2 _ f,2)f. . fc-) 

and the internal field generated is 



Ej, 



-iAirdp 



k 



iAiTCxyCgk • kBzk 



ujl{k-E)k 



(28) 



(29) 



77- (30) 



efc2(w2 — c^fc • fc) ek^{LU^ — c^k • k 

The vector E on the right hand side of the equation rep- 
resents the total electric field. To find the dispersion of 
the collective modes, we can set — and E — Eint 
and recover the same dispersion relation that we found 
previously. 

The effective action written above is valid at zero tem- 
perature in the low energy limit where w/A:,a; <C A. At 
higher frequencies and non zero temperatures, the ef- 
fective action in momentum space is more conveniently 
written down in momentum space. The terms Cxy,Cs,p 
acquire a frequency and temperature dependence. In ad- 
dition, there is an extra term in the effective action : 



S 



(fikduj Cio(fc, uj)Ai{—k, —LL>)AQ{k, lo) 



(31) 



This term can be neglected in the long wavelength and 
low frequency limit because it is proportional to both k 
and uj in this limit. At high frequencies and long wave- 
lengths, the linear dependence on k remains, however 
the frequency dependence changes and this term becomes 
comparable to other terms in the effective action. This 
term results in the presence of the following additional 
terms in the current and density response: 

j'iik,uj) = cio{k,uj){Ao - i^^$(fe,w)) (32) 

p'(fc, uj) = -Qo(fe, uj){Ai - z-$(fc, uj)) (33) 

e 



The response of the collective phase variable becomes 



$/2 



jB, 



-{ik A 



iujAq 



mc- 



■(a;2-c2fc.fc) + 2S2|iii: 
^Qo(fc;Ao + AiUj) 

^(c^2_c2fc.fc)+2Sfl^ 



(34) 



where a summation over repeated indices is implied and 
the dependence of p, Cxy, Cg on uj, T and of qo on (fc, w, T) 
have been suppressed. 

The full current and density response and the disper- 
sion of the collective modes also changes and can easily 
be deduced from Eqs. jSH), ^ and ([321) -jM]). Here we 
only write down the expressions for the anomalous charge 
density and the antisymmetric part of the anomalous Hall 
conductance 



B^jciokiuj - e^^fc ■ fc) 
^{u;2_^2k.k) + 2ciokiLO 



-xy 



(35) 



e-mhikm^-;^ - CmoW) 
f^(c^2_c2fc.fc)+2QofciO. 

e-?ilmkl{ki^-;^ - Cjow) 

' ^{u^-clk-k) + 2ciokiLo 



(36) 



Using Eq. ([36]) and the results from the appendix, in 
the long wavelength and high frequency limit and the 2D 
limit of m,z — s- cx) we deduce that 



\\Pf 



(37) 



where p/ is the Fermi momentum. 

IV. KERR EFFECT AND DISCUSSION 

One experiment which directly probes the anomalous 
ac Hall conductivity considered here is the polar Kerr ef- 
fect In this experiment, linearly polarized light beam 
which is normally incident on the superconducting planes 
is reflected back as elliptically polarized light. The polar 
Kerr angle, which measures the degree of rotation of the 
polarization, is an indicator of the extent of time rever- 
sal symmetry breaking 31,32|- If the c-axis of strontium 
ruthenate is chosen to be the z-axis, the Kerr angle is pro- 
portional to the real or imaginary part of axy depending 
on whether the real part of the refractive index is much 
smaller or larger than the complex part (see Appendix). 

Connecting the calculations presented here to the Kerr 
effect experiments reported in Ref. [l| is problematic for 
two reasons. First, to a very good approximation, the 
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experiment is done under conditions of light normally in- 
cident on the superconducting surface, i.e. k = (0,0, k), 
for which the Hall conductivity calculated above van- 
ishes. Second, the frequency of the incident light, uj ~0.8 
eV, is very large compared to the superconducting gap 
of strontium ruthenate, A ~0.23 meV, although proba- 
bly not large enough to create transitions to higher ly- 
ing energy bands [33|. While the pairing interaction for 
strontium ruthenate is not known, this large probing fre- 
quency is likely to be beyond the pairing cutoff used in 
BCS theory. As shown in the Appendix, the pairing cut- 
off enters the coefficient, Cxy, and the ac Hall conductivity 
is substantially reduced for frequencies above this cutoff. 
Keeping these two caveats in mind, one can crudely esti- 
mate the predicted Kerr angle if one simply assumes the 
experiment is probing at a frequency below the supercon- 
ducting pairing cutoff and at a finite in-plane wavevector 
introduced by the finite size of the laser beam incident 
on the surface. In this case, taking the complex refrac- 
tive index to hel.72i one finds using Eqs. (|37l) . (|44l) 
and (|49|) that the Kerr angle is of the order of ~ 10~^^ 
radians ^39| , or roughly nine orders of magnitude smaller 
than the observed value. 

From Eqs. (|48|) and (j49|) . we see that the Kerr angle is 
greatly enhanced in the region where n -|- ««; ~ 0, which 
corresponds to uj lOpj sfl. In this case, the Kerr angle 
should be determined using Eq. ((47)) . However, for the 
predicted Kerr angle to be of the order seen in experi- 
ments, the probing frequency would need to be within 
~ 10^^% of Uplift. While disorder and lifetime effects 
can be expected to broaden this window, the resonance 
is sufficiently sharp and the enhancement required suf- 
ficiently large that this is very unlikely to explain the 
experiments. 

Disorder can have a substantial effect on the conduc- 
tivity, since it relaxes the constraints imposed by Galilean 
invariance. Consequently, disorder-induced terms can 
contribute significantly to the conductivity tensor at fi- 
nite frequency and zero wave vector, provided the scat- 
tering rate is not too small relative to the superconduct- 
ing gap. The superconducting transition temperature of 
Sr2Ru04 is very sensitive to disorder and samples ex- 
hibiting the maximum Tc of 1.5 K are believed to be in 
the clean limit. Nevertheless, t is still estimated to be 
^ 10~^^s [H which could substantially alter the results 
presented here, as well as earlier calculations which in- 
vestigated some of the quasiparticle and collective-mode 
contributions to the Kerr effect 13, U]. However, given 
the high probing frequency, the concern about being 
above the pairing frequency cutoff remains. 

More generally, our results suggest that it would be 
most interesting to study the Hall conductivity or Kerr 
angle of Sr2Ru04 at lower frequencies where the signa- 
tures of the chiral superconducting order are most pro- 
nounced. Of course, it would also be of great interest 
to directly study the response at finite wave vector, for 



example, by superimposing a grating on the sample, al- 
though it is always difhcult to achieve wave vectors of 
sufhcient size. 

Note added: While at KITP in December 2007, we 
learned that another group, Roman Lutchyn, Pavel 
Nagornykh and Victor Yakovenko, had achieved similar 
results which were in substantial agreement with ours, 
using a somewhat different approach. We thank them 
for sending us a copy of their manuscript before posting 
it on the arxiv 13411. 
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APPENDIX 
A. High frequency response 

The parameters cio,Cxy,Cs at high frequency can be 
calculated using linear response theory. For simplicity, 
we consider the T = case. The expressions for the 
finite temperature coefficients can be calculated in an 
analogous manner [1, [5^ . 



I d^p 4A2 

2 



mc 



cio = e'^Luki 



(27r)3 e \{uj^ +iS)^ - {2e)^ 
d^p {vi)^A^ f 1 
(27r)3 £3 \{uj^ +iS)^ - {2e)^ 

2 f d^p Vxfip) 1 



"""^ ' (2^)3 e ((a;2+i5)2-(2e)2) 



(38) 
(39) 
(40) 



where 



m = lim ^-(Ab.,.. + f)At(..,p,-f))^ ^^^^ 



e{p) = \/£,{pY + A(p)2 and ^(p) are the single particle 
energies of the electronic system and vi = 

To evaluate these integrals, we take the limit uriz —f oo 
and use the free particle dispersion in 2D: ^(p) = p^ /2ra~ 
e f where e/ is the Fermi energy. We take the gap function 
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to be 

Ao(p.T + ipy)/p if |^(p)| < i^D 

if > LOD 

where ^ A is a BCS cutoff. Then c^y reduces to 



A(p) 



(42) 



e2 dx 



8™ J-uu ^n + ^{l + a;2 - (a;/2Ao)2) 



(43) 



When n ^ K, then the Kerr angle is given by the formula 



Ana 



1K 



xy 



and when k ^ n, then 



Ana 



xy 



(48) 



(49) 



e 

Ana 



for w < 2A 

for 2A < w < WD (44) 



where a 



2An 



-^ln(^) forcjD<w 

and a is the interlayer spacing. This 
reduces in the limit w^i — > 00 to the expressions obtained 
in Ref. @ scaled by a factor of 1/a. 

While the BCS cutoff is a crude approximation to the 
energy dependence of any realistic pairing potential, it is 
used here to highlight the fact that the effects of the 
Chern-Simons-like term are only effective close to the 
Fermi energy. As pointed out by Yakovenko 



^xy 



cor- 



responds to the excitation of two BCS quasiparticles (or 
quasiholes). Such a term typically carries the usual co- 
herence factor, but Cxy only carries the piece containing 
the chiral signature, i.e. A(p), which vanishes at energies 
above the pairing cutoff. 

To obtain the in-plane Hall conductivity a^y in the 
long wavelength limit at high frequencies, we also need 
to calculate 



2 2 



(45) 



Using Eqs. I38I39I and HOI .this quantity reduces at high 

frequencies in the two dimensional limit of rriz ^ to 
J 2 2 



B. Kerr Angle 



Let n -t- ZK be the complex refractive index given by 
(n + inY = t -\- '^^J^'' and n± + iK± be the complex 
index of refraction for right and left circularly polarized 
light. Then [111,!!!, 

{n±+iK±f = l + iAna±/u! (46) 

where a± = a^x i iaxy The Kerr angle is given by : 



2 V 4 



-tan-\—^)+tan-\-^)] (47) 
i + n+ 1 — n- 



In the clean limit, when lu is close to ijjpj Eq. pTj) 
should be used to calculate the Kerr angle, while far from 
the resonance, Eqs. ((48|) and (|49|) should be used when 
uj > ujp/y/e and uj < tOp/^/e respectively. 
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